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Aha  tract 

The  paper  presents  I ho  aggregation  of  hctei  onerous  production  Into 
a i<omogcnous  ono  In  an  ocooomy  described  by  a Conorul  Equilibrium  hkhIoI 
ot  the  von  Neumann  type  (a  KMT  model  with  llnal  demand).  The  resulting 
ag  .regated  model  will  he  ol  the  von  Neiunann-Leonti of  typo.  Wo  will 
consider  two  cases,  one  In  which  the  final  demand  is  given  by  a vector 
of  parameters,  and  another  case  in  which  we  will  have  a final  demand 
function. 


K<  y Words: 
ag {regal ion 

expending  economy  model 
von  Neumann  Model 
input-output  data 
general) zed  inverses 


1*  Inti  od action 


I i rms  that  produce  an  homogenous  output  are  a useful  device  for  both 
empiric a l and  theoretical  research.  It  is  obvious  though,  that  we  live 
in  a woi  Id  where  the  product  ot  .1  firm  in  heterogenous,  and  the  problem  i; 
how  to  teconcile  the  theory  and  the  "reality."  In  this  paper  we  do  not 
attempt  to  give  a general  answer  to  this  question,  and  we  will  restrict 
our  analysis  to  the  case  in  which  the  economy  is  linear. 

Similar  questions  were  raised  in  the  economic  literature  especially 
connect*  d with  the  input-output  analysis.  Since  one  of  the  main  assisnptioi  i 
ol  the  input-output  analysis  is  that  each  firm  produces  a distinct  homogem  is 
oiu  put,  it  is  clear  that  some  aggregation  of  the  heteiogenous  good',  has  to  he 
performed  in  order  to  obtain  the  idealized  image  of  the  economy  assumed  by 
the  Leontief  model  of  general  equilibrium.  In  general  it  has  been  admitted 
th  it  the  conditions  for  "good"  aggregation  are  given  only  by  very  unrealistic 
conditions  of  complementarity , substitutability  and  similarities  between 
fi  us,-^  It  should  be  mentioned  that  these  studies  implicitly  dealt  with  a 
somewhat  simplier  problem.  Namely,  it  was  assumed  that  the  actual  economy 
presents  the  property  of  homogeneous  production  but  its  size  is  too  big  am 
th  problem  was  how  to  reduce  it  to  more  manageable  proportions.  Now,  t lie 
dimensionality  problem  in  itsell  might  not  be  any  longer  a problem  (faster 
computers,  etc.),  but  the  fact  that  the  firms  have  a heterogenous  product  it 
is  still  a problem. 

In  the  first  part  of  our  paper  we  will  present  the  results  obtained 
th  ough  a standard  approach  to  the  aggregation  problem.  As  it  will  be  seen, 
th  se  results  do  not  differ  very  much  from  the  conditions  of  substitutability  aid 
so  on  mentioned  before.  In  the  second  part  of  the  piper,  by  introducing  more 
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structure  in  our  framework,  we  will  approach  the  same  problem  in  a different 
way.  Wc  will  show  that  under  this  alternative  approach  the  conditions  for 
consistent  aggregation  are  less  restrictive. 

]n  the  remainder  of  this  section  we  will  outline  the  main  assumptions 
ol  our  approach.  In  order  to  simplify  our  presentation  we  will  use  terms  like 
micromociel,  microvariables  whenever  we  refer  to  the  model  and  variables  that 
describe  the  economy  in  which  the  firms  are  producing  a heterogenous  output. 
Following  the  same  convention,  we  refer  to  the  economy  in  which  each  firm 
produces  a homogenous  output  as  the  macroeconomy  and  respectively  macromodel, 
macrovariables  and  so  on. 

lor  the  microeconomy,  we  assume  that  the  technical  production  possi- 

2/ 

bi litiet  of  each  firm  are  described  by  an  activity  analysis  production  function.— 

In  this  way  we  allow  joint  production  for  a firm  but  we  make  our  analysis 
simpliei  due  to  the  constant  returns  to  scale  and  the  additivity  properties 
possessed  by  this  type  of  production  function.  Given  this  particular  form  of 
the  production  function,  we  further  assume  that  by  aggregating  all  the  goods  a 
given  f rm  produces  into  one  good  (which  we  will  call  "product"),  we  obtain  a new 
firm  (w  ilch  we  will  call  "sector"),  whose  production  possibilities  are  described 
b a new  linear  production  function  which  differs  from  the  firms  production  function 
in  only  one  respect:  the  sector  produces  only  one  product  which  is  unique, 
i e.  it  is  not  produced  by  any  other  sector.  It  is  clear  then,  that  the  produc- 
tion possibilities  of  each  sector  are  described  by  a Leonti e : production 
function.  It  can  be  noted  that  up  to  here  our  approach  follows  the  approach 

3/ 

oi  t line  1 by  Klein.—  Namely,  he  required  that  the  production  function  which 
Ci  ntains  aggregated  data  should  be  of  the  same  form  with  the  production  functions 
fi am  the  micromodel.  In  the  same  paper,  Klein  required  also  that  the  maximizing 
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bel  avioi  of  tin  microfirm:  should  be  "transferred through  the  aggregation 

4/ 

fuiction,  to  the  macrofirms.—  It  is  here  that  we  add  mure  structure  to  tie 
api  roach  to  the  aggregation  problem;  wo  assume  that  the  firms  are  not  only 
ma: imiz  ng  their  profits  i or  given  prices,  but  more  than  that,  wc  assume  that 
tht  mici oeconomy  is  in  equilibrium  and  so  the  prices  are  also  determined. 

Gi\ en  the  form  of  the  production  function  of  the  firms,  the  equilibrium  in  the 
mic roec anotny  is  then  described  by  a general  equilibrium  model  of  the  von  N< umani 
variety,  namelv  a KMT  model.— ^ It  should  be  mentioned  that  tie  aggregation  in 
KMT  models  was  never  studied  before  fnnn  this  point  of  view.- 

tn  order  to  follow  in  the  spirit  of  Klein's  approach,  e require  th  t 
the  equilibrium  in  the  macromodel  should  have  the  same  charac  eristics  as  the 
equilibrium  relations  from  the  micromodel--the  quantities  produced  by  the 
sectors  and  the  prices  of  the  products  should  be  determined  s ich  that  the 
demand  for  every  product  is  satisfied  and  the  economy  is  growing  uniformly  and 
efliclently  (using  Koopman's  term).—  As  said  belore,  the  same  characteristics 
det ermi  ic  the  equilibrium  prices  and  quantities  in  the  micromodel,  and  so  they 
have  to  appear  at  the  macro  level  too.  Under  the  .o  circumstances,  we  assume 

that  th  * equilibrium  in  the  mac i oeconomy  is  described  by  a von  Neumann-Leontiei 

8 ' 

moiel.-  It  should  be  mentioned  that  (.hough  the  connections  between  vario  is 
Leonti ei  type  models  has  been  studied  quite  intensively,  the  connection  between 
the  KMT  model  and  a von  Neumann- Leontie f (vNL)  model  has  not  been  studied 
belore.-^  For  future  reference,  it  should  be  mentioned  that  since  each  sector 
producer  a unique  product,  the  equilibrium  conditions  in  the  von  Noumann-Leonti ef 
model  d -scribe  the  exchange  that  takes  place  between  sectors  under  the  assump- 


tion that  the  exchange  between  any  two  sectors  is  proportion.  1 to  some  fixed 
non-negative  real  number. 


Because  of  our  general  equilibrium  approach,  we  have  to  complete  i ur 
model  by  specifying  the  consumption  side  of  the  microeconomy.  Introducing 
consumption  in  a von  Neumann  type  of  model  is  not  a trivial  matter  and  it 
see  ns  that  the  better  insight  this  type  of  models  give  on  the  production  side 
of  the  economy  is  paid  with  a r.ither  formalistic  approach  to  the  consumption 
side  of  the  economy.— ^ In  our  paper  we  consider  two  ways  of  introducing  the 
public's  demand  for  goods  in  our  micromodel. 

In  the  first  case  we  simply  assume  that  the  demand  for  each  good  s ';ame 
unknown  non-negative  real  number,  and  so  the  demand  of  the  whole  economy  is  a 
vector  of  non-negative  real  parameters.  Consequently,  the  demand  lor  products 
will  be  also  represented  by  a vector  of  parameters  of  a smaller  dimension.  Not 
unexpectedly,  the  conditions  for  consistent  aggregation  require  the 
exchangi  that  takes  place  among  the  firms  of  the  KMT  economy  to  have  a very 
restrictive  linear  form.  We  argue  that  the  strong  conditions  for  consistent 
agg regal  ton  we  obtained  in  this  case  are  due  to  two  factors:  on  one  hand  we 
require  that  the  microvariables  (the  prices  of  the  goods)  and  the 
mieropai  imeters  (the  demands  for  goods)  to  be  aggregated  in  exactly  the  same  way, 
and  on  the  other  hand  we  require  the  aggregation  procedure  to  realize  a on- 
sis  tent  aggregation  for  a very  large  range  of  values  of  the  d mand. 

In  order  to  show  that,  In  the  second  case,  we  will  assume  that  the  consumpt 
side  of  the  economy  is  described  by  a vector  of  functions  and  we  will  redefine 
accordingly  the  equilibrium  conditions  in  the  microeconomy.  iy  taking  advantage 
of  this  more  structured  framework,  we  will  show  that  there  ar^  KMT  models  whose 
form  of  trading  is  other  than  linear  but  which  can  be  aggregated  to  vNL  model 
because  their  equilibrium  values  are  as  if  the  trading  was  linear. 
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The  paper  proceeds  as  follows.  In  section  II  we  introduce  our  models 
and  we  study  the  first  case  in  which  the  demand  is  given  in  parametric  form. 

In  section  III  we  study  the  second  case  and  in  section  IV  we  will  present  a 
ca  parison  of  these  two  cases.  Section  V presents  our  concluding  remarks. 

II.  The  Parametric  Demand  Case 

In  the  first  part  of  this  section  we  introduce  our  models  and  some  def- 
initions, while  in  the  second  part  we  give  the  necessary  and  sufficient  condi - 
tii ns  for  consistent  aggregation  for  the  case  in  which  the  final  demand  is  a 
vector  of  parameters. 

II. I As  mentioned  before  we  assume  that  the  firms  of  our  microeconomy  are  in 
lorg  run  equilibria  and  the  economy  is  on  a uniform  rate  of  growth  path--the 
prices  and  output  are  growing  at  a unique  constant  rite. 

We  assiane  that  our  microeconomy  consists  of  m firms  which  are  producing 
n goods,  and  Joint  production  is  possible  in  the  economy  (m  < n).  The 
production  takes  place  during  an  infinite  number  of  time  intervals  of  equal  size 
and  the  economy  is  allowed  to  grow  from  one  period  to  another  at  a constant 
rate.  Iliat  means  that  the  state  of  the  economy  in  any  future  period  is  propor- 
tional to  its  state  in  the  first  period.  Each  good  is  characterized  by  a rela- 
tive price,  where  the  numeraire  is  such  that  the  sum  of  all  the  relative  prices 
is  equal  to  one.  Each  firm  is  characterized  by  an  intensity,  where  the  intensity 
for  a firm  expresses  the  relative  weight  that  particular  fim  has  as  compared 
to  the  other  firms  from  the  output  point  of  view.  The  sum  of  all  the  intensities 
is  equal  to  one. 

These  three  variables  has  to  be  determined  such  that:  the  supply  from 
every  good  exceeds  the  demand  from  that  good  (2),  each  firm  has  to  make 
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a negative  or  zero  "profit"  (3),  in  equilibrium  the  free  goods  (goods  are 
which  the  supply  exceeds  the  demand)  have  zero  prices  and  the  inefficient 
firms  ( irms  that  have  strictly  negative  profits)  are  not  run,  i.e.  their 

intensities  are  equal  to  zero  (4).  In  order  to  obtain  meaningful  economic 

1 

solutions,  we  will  assume  that  over  all  the  economy,  something  of  value  is 
produce* i (5).—^ 

As  said  before,  for  this  case  we  will  consider  that  thi  demand  for  good. 

is  represented  by  a n-dimensiona  l row  vector  of  non-negative  parameters.  This 

amounts  to  assuming  the  demand  for  consumption  goods  is  equal  to  the  demand 
11’/ 

for  saving  goods. — The  equilibrium  in  the  microeconomy  is  t.hen  summarized 
by  the  following  relations  (a  KMT  with  final  demand  model): 


(2)  q(B-aAk)  > *fdk 


(supply  exceeds  demand) 


(3)  (B-aAk)p  < Off d^p 


(profitless  condition) 


(4)  q(  B-Q'Ak  )p  = iydkp 

(5)  q Bp  > 0 

(6)  p,q  >0,  qf  - ep  ■=  1 


(zero  prices  i or  overproduced  goods 
and  zero  intensities  lor  inefficient 
firms ) 


(something  of  value  is  produced) 


where:  m 
n 

,Y 

‘1 

P 

B 


is  the  number  of  firms 

is  the  number  of  goods,  m < n 

is  the  growth  factor 

is  an  (l,m)  vector  of  intensities 

is  an  (n,l)  vector  of  relative  prices 

is  the  (m,n)  matrix  of  output  coefficients. 

The  (i,J)-th  entry  represents  the  amount  of  the  j-th 
good  produced  by  the  i-th  firm  when  firm  i is  run  at 
unit  intensity  level. 
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A is  the  (m,n)  matrix  of  input  coefficients. 

The  (i,j)-th  entry  reprsents  the  amount  of  the  j-th 
good  needed  as  input  by  the  L-th  firm  when  firm  i 
is  run  at  unit  Intensity  level. 

It 

d is  the  (l,n)  vector  of  demand,  where  the  i-th  entiy 
represents  the  public's  demand  from  good  i. 

I is  a m-dimens Lonal  vector  whose  entries  are  all  equal  to  1. 

e is  a n-dimensional  row  vector  whose  entries  are  all  equal  to  1. 

It  can  be  noted  that  in  equilibrium  the  quantities  from  each  good 
produced  by  a firm  are  determined  but  nothing  is  said  about  how  the  actual  ex- 
change of  goods  takes  place  between  firms. 

We  want  now  to  aggregate  all  the  firms  in  m sectors,  and  the  goods  into 

products,  such  that  one  sector  produces  only  one  product  and  this  product  is 

produced  by  no  other  sector.  We  do  this  in  order  Lo  achieve  a Leontief  type 
model.  We  will  assume  that  the  number  of  sectors  is  equal  to  m and  so  the 
macroeconomy  equilibrium  output  is  given  by  m intensities,  where  the  intensity 
of  i sector  has  the  same  meaning  with  the  intensity  of  a firm.  Since  each 

sector  produces  a distinct  product  we  will  have  m products,  each  of  which  is 

charac teri zed  by  a relative  price.  As  mentioned  before,  this  will  be  the  only 
difference  between  the  microeconomy  and  the  macroeconomy  and  so,  in  equi libriun, 
the  output  and  the  prices  of  the  macroeconomy  are  also  going  to  grow  at  a constant 
rate. 

Under  these  assumptions,  the  equilibrium  in  the  macroeconomy  will  be 
summarized  by  the  following  relations  (a  vNL  with  final  demand  model): 

(7)  q(I-aAS  > otd1 

(8)  (I-oA^p  < afd^ 


I 


i 


9 


N 
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(9) 

i l 

qfl-aA  )p  » ad  p 

(10) 

qp  > 0 

(ID 

q.P  > 0,  qf  = pe  - 1 

whore: 

m is  the  number  of 

industries  and  the  number  of  products, 

a is  the  growth  factor, 

q is  the  (l,m)  vector  of  intensities  of  sectors, 

p is  the  (m,l)  vector  of  prices  and  products, 

A is  the  (m,m)  matrix  of  input-output  coefficients. 

The  ( i , J ) — th  entry  represents  the  output  of  the  j-th 
sector  used  as  input  in  the  i-th  sector  when  sector  i 
is  run  at  unit  level  intensity, 

f is  a m-dimensional  column  vector  for  whose  entries  are 
equal  to  one, 

e is  a m-dimensional  row  vector  all  whose  entries  are 
equal  to  one, 

d^  is  the  (l,m)  vector  of  final  demand  for  products. 


It  can  be  noted  that  in  this  model  the  answer  to  the  question:  "who  supplies 
whom?"  is  clear  because  for  e*.ch  product  there  is  only  one  supplier  and  all 
the  other  sectors  are  demanders. 

I.et  us  now  introduce  a formal  definition  for  consistent  aggregation: 

13/  I,  v i.  If 

Do  Unit  Lon  1 — ' Let  (or  ,q  ,p  ) be  the  solution  oi  a KMT  model  (B,A  ) with 

k L L L 

final  demand  d , and  let  (a  ,q  ,p  ) be  the  solution  of  a vNL  model  (I, A)  with 

final  demand  d^.  Then  (I,aS  is  a consistent  aggregation-disaggregation  of 

k k t k 

(B,A  ) iff  it  exists  a matrix  A such  that  for  any  d^  > 0 we  have:  p * Ap  , 

L k •(,  k A .k,g  ,,  „ . k 4 k £ 

a = of  , q = q , d * d A6,  and  for  any  d > 0 we  have:  a ■ a , q - q , 

a I k k.  p p 

p = A°p  , d = d A,  where:  AB  is  the  generalized-inverse  of  A,  A and  K' 

J. 

are  non-negative,  and  is  a row  vector  containing  m entries  of 

.k  14/ 
a . — 


i 
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It  is  clear  that  our  deinition  ior  consistent  aggregation  is  consistent 
with  the  standard  deiinition  for  consistent  aggregation.  Namely , it  says 
th.it  tor  consistent  aggregation  there  should  be  a fixed  aggregation  procedure 
(tiie  matrices  A,  A ) such  that  for  any  value  of  the  final  demand  the  tore- 
ca ;ts  of  the  vNL  model  are  the  same  as  the  "true"  equilibrium  values  given  by 
the  KMT  model.  It  should  be  noted  that  under  this  definition  it  doesn't  matter 
it  the  forecasts  are  made  at  the  micro  level  or  at  the  macro  level. 


II  2.  The  following  theorem  will  give  us  the  necessary  and  sufficient  conditions 

for  a consistent  aggregation  bo  tween  the  microeconomy  ar>-.  the  macroevonomy . 

15  k 

Theorem  1. — Let  (B,A  ) be  a KMT  model  with  final  demand,  and  unique  growth 
race,  and  B,Ak  > 0.—  Then  there  is  a vNL  model  wi  tli  final  demand  (I, A ) 

k 

winch  is  a consistent  aggregation-disaggregation  of  (B,A  ) iff: 

(a)  rank  (B)  = m 


(b)  Bk  > 0 


:c  > aV! 


B = A, 


g K k k 

where:  B*'  is  the  generalized  inverse  of  B,  A ■=  A + fd  , f is  a m-dimensional 

column  vector  whose  entries  are  all  equal  to  one. 

Proof:  Let  (a,g,pk)  be  the  solution  of  the  KMT  model  (B,Ak).  If  (B,Ak) 

is  a consistent  aggregation  of  (I,A^),  it  follows  that: 


■ . k .g  l 

I A:  d = d A,  p = A p , 


A > 0,  A*  > 0. 


T-  ing  this,  the  relations  (1)  - (6)  can  be  rewritten  in  the  form: 


g(BAR  - dAKAg)  > 0 
(BAS  - c*AKAR)pk  < 0 


I 
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: 


1 

I 


I 


p 


O Vo  If 

g(BA*  - («A  A8)p  = 0 
gBA8pk  > 0 

g.P^  > o 

K k k 

where:  A = A + fd  , f is  a m- dimensional  column  vector  whose  entries  are 

O K o 

all  equal  to  one.  By  assumption,  the  model  (BA6, A A6)  is  a vNL  model,  so 
BA®  = I.  This  implies  that: 

0 < A8  = B8  and  rank  (B)  = m, 

and  so  we  proved  that  the  conditions  (a)  and  (b)  an1  necessary.—  In  order 

to  prove  that  the  condition  (c)  is  also  necessary.  Let  (a,g,p^)  be  the 

t k 

solutLon  oi  the  vNL  model  (I, A ) which  is  a consistent  aggregation  of  (B,A  ). 

From  the  definition  of  consistent  aggregation  it  follows  that: 

3 A:  A1  = dkAg,  pl  = Apk,  A > 0,  A8  • 0. 

Using  this,  the  relations  (7)  - (11)  can  be  rewritten  in  the  form: 

g(A  - qA^A)  > 0 
(A  - aA^A)pk  < 0 
g(A  - aALA)pk  = 0 
gApk  > 0 
g.  pk  > o, 

where:  AL  = A^  + fd^,  f is  a m-dimensional  column  vector  whose  entries  are 

all  equal  to  one.  From  the  condition  that  (I, A1')  is  a consistent  aggregation- 

K k K 

disaggregation  of  (B,A  ) for  any  > 0 it  follows  that  the  models  (B,A  ) 

and  (A,A^A)  coincide.  We  have  assumed  that  the  rank  of  B is  given  by 


L. 


. 


r 

' <1 
x 


and  so  akb^b  *=  ak,  which  proves  that  condition  (c)  is  necessary. 

In  order  to  prove  the  sufficiency  part,  let  ( ry , > ,p  ) be  a solution 
of  (B,A^).  Then  I rom  (l)-(6)  one  can  show: 

g(L  - iyaS8)  0 by  (a)-(c ) 

(1  - iYA*S}8)Bpk  < ()  by  (c) 

g(I  - aAKB8)Bpk  * 0 by  (c ) 

gBpk  > 0 . 


By  making  the  substitutions  A'  = 

00 

< 

and  p^  = 

Bpk,  and  d^'  = dkB8 , it 

foLlow3  tliat  lor  any  d ^ 0,  ( iv 

„ k 
,B.Bp 

) is  a sol ui  ion  of  tb -i  vNL  model 

(1  A*S8)  because  B>  0 implies 

tliat 

K.  n k 

P - Bp 

Similarly,  lot 

((Y.g,p^)  be  the  .solution  of  the 

vNL  model  (I  ,aV' 

) Then  fi  >m  (7 ) - ( 11) 

on.  can  show  that: 

g(  B - cyAK)  > 0 

by 

B > 0,  (c  ) 

iB  - oAK)B8r{'  < 0 

by 

(«) 

giB  - aAK)B8p^  = 0 

by 

(a) 

gBB8p^  > 0 

by 

(a) 

Lo»  pk  BBp^,  d^  " d^B.  It  follows  that  for  any  > 0,  (o,g,B*p^)  is  a 

solution  of  th«  KMT  model  (B,A*S,  beeause  B**  j 0 Implies  that  •>  tt^p^  0. 

t).l  i». 

A « coiollarv  of  Theorem  l,  one  can  prove  v> rv  easily  the  term  ot  the 
ag  .regal  > d solutions. 

i'o  o 1 lai \ 1 . Pndor  the  hvpothesis  of  Theorem  1 ii  we  have  consistent  aggrega- 
tion then  the  micromodel  and  the  macromodel  have  the  same  rati  ot  growth  (a) 
and  the  ame  intensities  (g)  and  the  relation  between  the  microprices  (p  ) 
and  the  macroprices  (p^)  are  as  given  by  the  formula: 


^~k  Bpk ' 0 “ o 

eBp 


,1)  « K 


(l.m) 


Tlie  results  show  that  the  aggregated  price;  are  going  i.o  be  a weighted 
of  t lie  miciopricea,  where  the  fixed  weights  are  given  hv  the  matrix  B ot 
output  coefficients. 

In  order  to  get  an  interpretation  of  Theorem  1,  we  have  to  look  at  the 
not:  exchange  in  the  two  economies,  where  by  net  exchange  we  will  understand 
th  ' exchange  that  takes  place  between  firms  (sectors)  net  ol  the  own  production 
of  the  tirms  (sectors).  Then  the  net  exchange  in  the  KMT  economy  (K*S  is: 

EK  - t}(  B - oAK) 

where:  t)  is  a (m,m)  scalar  matrix  whose  on-diagonal  entries  are  given  by 
the  intensities  ot  the  firms  and  A^  has  the  same  meaning  a:  in  Theorem  1. 

The  net  exchange  in  the  \ ML  economy  (I-'  ) la: 

F,1,  - Q(I  - oA1’) 


whore:  Q is  a (m,m)  scalar  matrix  whose  on-diagonal  entries  are  given  by  the 


-u- 


intensiii.es  of  the  sectors,  A1'  ■ + fd^,  f is  a m-d  linens  ional  column  vector 

whose  entries  are  all  equal  to  one. 

Using  these  notations,  the  consistent  aggregation  between  the  micromodel 

K L 

an!  the  macromodel  implies  that  E - E 11  for  any  final  demand.  This  formula 
shows  that  the  output  from  each  good  produced  by  the  economy  (each  column  ol  B) 
is  distributed  from  suppliers  to  demanders  according  to  a linear  rule  (E^) 
which  i;  the  same  for  each  of  the  n goods  produced  in  the  microeconomy. 

ilelore  going  tp  the  next  section  let  us  summarize  the  results  obtain<d 
in  this  section.  Due  to  our  insufficient  knowledge  of  t lie  demand  side  of  ihe 
market,  very  strong  assumptions  have  to  be  imposed  in  order  lo 
make  the  vNL  net  exchange  consistent  with  KMT  not  i change.  Secondly,  i he 
aggregation  function  (in  our  case  the  matrix  B)  i ; given  by  the  microeconomy  and 
not  exogenously  imposed.  Thirdly,  the  aggregation  i unction  is  independent 
of  the  quantities  demand,  and  it  is  unique  for  a given  microeconomy . 

IJ  '1  lie.  Demand  Function  Case 

In  the  first  part  of  this  section  we  introduce  an  explicit  demand 
function  and  we  study  the  conditions  for  consistent  aggregation  in  the  redefined 
micromodel.  In  the  second  part  we  will  discuss  the  new  results  obtained. 

Ili.l.  Let  us  now  introduce  the  demand  of  the  pul'1  c lor  consumption  good 
and  saving  goods: 

k W v 

y * q(B-A  ),  where  q,  B,  A have  tin  ame  meaning  as  in  (2)-i<>). 

k k 

Since  qB  represents  output,  given  inputs  qA  , i follows  that  (qB-qA  ) 
is  the  production  of  goods  that  are  in  excess  ovei  the  amount  needed  to  main- 
tain a stationary  economy  (including  the  reproduc i i on  of  workers).  In  order 
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to  be  consistent  with  the  consumption-saving  pattern  implicitly  existing  in  the 

KMT  with  final  demand  model,  let  us  assume  that  the  public  consumes  as  much  as  it 

18  / 

saves.--  Let  u«-  denote  by  c and  s the  consumption  and  capital  accumula- 
tion (savings)  coei flcients , where  c and  s are  such  that: 


c + s - 1,  0 < c < 1 , 0 < s < 1 


Then  our  assumption  regarding  the  consumption  savings  behavior  of  the  public 


implies  that: 


c - a - - . 


Under  these  circumstances,  then  the  public  demand  lor  consumption  goods  (d  ), 
ia  given  by  the  formula: 

d*\q)  * \ q(B  - Ak)  . 

By  substituting  d (q)  in  (2)  - ((>)  md  by  denoting: 

AK  - i (B  + Ak) 


the  equilibrium  relations  (2)-(6)  can  be  rewritten  as: 


q ( B-oA  ) > 0 


(B-oA  )p  < 0 


q(B-oA  )p  ■ 0 


qBp  > 0 


q.P  >0,  qf  - ep  - 1 
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Th  s is  the  micro  economy  and  .is  it  can  be  seen,  it  lakes  the  form  of  a 
standard  KMT  model. 

We  want  now  to  aggregate  the  KMT  economy  to  a vNL  economy: 


q(I-c*A  ) > 0 


(I-aA  )p  < 0 


q ( 1 - ')p  - 0 


d"') 


qp  > 0 


(If) 


q,P  > 0,  qf  3 op  - 1 


wh  re  q,  p,  a,  I,  e,  f,  have  the  same  meaning  as  in  (7)-(ll).  As  in  II.  2 
we  will  require  the  aggregation  to  be  such  that:  my  vNL  solution  is  an 

aggregation  of  the  KMT  solution,  and  some  KMT  solutions  are  . disaggregation 
of  the  vNl.  solutions. 

k k )c  K 

De  inition  2.  Let  ( ct  ,q  ,p  ) be  the  solution  of  i KMT  model  (B,A  ),  and 

le  (of^,q^,p^)  be  the  solution  of  a vNL  model  (l,AL).  Then  (1,A^)  is  a 

co  isistent  aggregation-di saggreg.itlon  of  (B,A*S  ilf  there  is  a matrix  A and 

. „ , . _ k l k k .g  t ,k  a A \ . 

a unction  if  such  that  ct  = <v  , q = q , P = A p , d = f(d  ) and 

^ ^ “lk  O 

p **  Ap  , d = f (d  ),  where  A“  is  the  generalized  inveise  of  A,  A and 

O — 1 

A°  are  non-negative,  am'  f is  the  inverse  function  of  t. 

It  should  be  noted  in  the  above  definition  that  in  this  case  we  impose 
a ipeciflc  form  only  on  the  aggregation  for  the  mi erovariabli  s while  letting  the 
ag;regation  of  the  final  demand  to  be  performed  Ly  ome  unsiecifiod  function. 

Gi  'en  these  requirements  the  nest  theorem  will  give  us  some  lufficient  condi- 


tions for  consistent  aggi egation-disaggregation. 
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Theorem  2.  Lei  (B,A  ) >e  a KMT  model  with  unique  growth  rate  and  B,A  > 0. — 


II  (B,A  ) is  such  that: 


(a)  rank  (B)  = m 


(b)  Bf’  > 0 


(c)  aVb  = AK  , 


then  there  is  a vNL  model  (I, A ) whicli  is  a consistent  aggregation-disaggrej  ation 
of  (B,AK). 

Proof:  It  is  a reiteration  of  the  sufficiency  part  of  the  proof  of  Theorem  1. 

1 t is  obvious  that,  in  this  case,  the  necessary  condition  for  consistent 
aggregation-disaggregation  should  be  weaker  than  in  the  first  cast  . In  order 

to  see  that,  let  us  look  at  an  example.  In  Example  2 (pp.  19),  the  KMT  model 

K K 

C 1*2 »^2 ) sat*sl*es  t'le  necessary  conditions  from  Theorem  2,  while  (B^,A^) 

does  not  satisfy  these  conditions . However,  both  models  have  exactly  the  same 

set  of  solutions,  so  the  vNL  model  (I.A^)  can  be  considered  a consistent 

aggregat ion-disaggregatien  of  the  KMT  model  (B^,A^),  in  the  senst  of 

Definition  2.  Then  Theoi  em  3 will  show  that  this  is  always  the  c.<se,  i.e.  the 

conditions  (a)  - (c)  fron  Theorem  2 are  consistent  wiLh  the  conditions  for  the 

existence  of  an  KMT  mode]  which  does  not  satisfy  these  restrictions  but  it  has 

the  same  solutions  with  l he  model  that  satisfies  them. 


Theorem  3 . Let  (B,A  ) be  a KMT  model  with  unique  non-negative  growth  rate  and 
K K 

B.A  > 0.  If  (B,A  ) i:  such  that  it  satisfies  conditions  (a)  - (c ) from 

If 

Theorem  2,  then  there  is  at  least  one  KMT  model,  ns*.A*)  which  las  the 
following  properties: 

K K 

(a)  (ll^.A^)  has  exactly  the  same  solutions  with  (B,A  ), 


I 


t 


(b)  (B,A^)  does  not  have  the  properties  (.1)  -(c)  from  Theorem  2. 

Proof.  Remark  l.  Let  Mj  « Bj  - aA^,  i « 1,2.  H two  KMT  models  with 

unique  frowth  rate,  (B^A*)  and  (B^A*):  Mj  *=  H2  then  (B^A*)  and 

K 19/ 

(B„,A2)  have  exactly  the  same  solutions. — 

lemark  2.  If  (B,AK):  it  satisfies  (21)  - (61)  and  B,A*^  > 0 then 

20/ 

the  growth  rate  is  different  than  zero.— 

K / 

Let  a be  the  growth  rate  for  the  model  (U,A  ).  Define  (B^,AV): 


B*  = B H F.,  aJJ  = AK  + | E,  F c F m < n. 


It  is  very  easy  to  show  that: 


b*.  a:>  0, 


the  model  (B.  ,A  ) has  solutions  because  eB.  > 0 and 


A*  f > 0,  e = (1,...,1)  € Fv 


f = l I ) s F (n,l) 


the  model  (B^.A^)  lias  a unique  growth  rale  because  > 0 

K. 

II  ot  is  the  unique  growth  rate  of  (B,A  ) then  a is  also 

v 

the  unique  growth  rate  for  (B^.A^). 

K K K 

Moreover  B - »>A  = B^  - oiA^  and  so  by  Remark  1 it  follows  that  (B,A  ) and 

K 

( li  , A^ ) have  exactly  the  same  solutions.  That  proves  point  (a)  of  the  theorem. 


in  order  to  prove  point  (b),  we  will  take  special  cases  for  E,  and 

K 

one  can  show  that  (B^,A^)  does  not  satisfy  (a)  -(c)  from  Theorem  2.  In  order 
to  show  that  rank  (B.)  + m and  that  B^  contains  negative  entries  take: 


1 


-T" 
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« e 

E ■ ------  c »(m*n),  c > 0,  m^_n, 

« e 


In  order  to  show  that  AMB  * A^  take: 


E - [E1  | •] , Ex 


•i  ° •* 
0 e2. . 


. 0 

. 0 


0 0 .. 


. s 


m J 


, ei  > 0,  i = 1 , . . . ,m , 


0 is  a (m-n,m)  zero  matrix. 


Q.E.D. 


The  relation  between  the  solutions  of  (B*,A^)  and  i cs  vNL  image  are 
given  by  Corollary  3. 

Cordllary  3.  Let  (or^.q^.p^)  be  the  solution  of  (B*,A^),  and  let  (c/'.q^.p^') 
be  the  solution  of  the  vNL  model  (I,A*S®).  Then  one  can  show  that  (I.A^B^)  is 
a consistent  aggregation-disaggregation  (in  the  sense  of  Definition  2)  of 


(K*,A^)  and: 


k l 
a m a , 


k a 

q = q 


It  1 _ k ..  _ (l,m) 

- P - £ Bp  , e » (1 1)  s B 

eBp 


It  should  be  noted  that  in  this  case  matrix  B is  the  aggregation  matrix  rather 
than  B. ... 

An  interpretation  of  these  results  is  as  follows:  if  the  goods  satisfy 


t 


the  conditions  of  complementarity  from  Theorem  2 then  the  consistent  aggregation 
is  possible.  Due  to  the  fact  that  in  this  case  the  demand  ior  goods  for  con- 
s unp t ion  and  savings  is  given  by  an  explicit  demand  function,  rather  than  by 
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I 

?• 


■i 


I 


some  unknown  parameters  a:;  In  Section  11,  the  conditions  of  complementarity  are 
no  longer  neco9sar\ . Moreover  the  proof  of  Theotem  3 gives  us  a way  of 
constructing  KMT  models  that  do  not  satisfy  the  conditions  (a)  -(c)  of  Theorem  2 
but  havi  an  vNL  model  (I,AL)  which  realizes  a consistent  agj.regation-dis- 
agg  egation  in  the  sense  of  Definition  2. 


III. 2.  The  question  which  arises  now  is,  what  interpretation  can  one  attach 
to  this  type  of  aggregation.  In  Section  II  we  saw  that  the  net  exchange  be- 
tween firms  is  equal  to  the  disaggregated  net  exchange  between  sectors.  This 
explanation  is  valid  lor  this  ease  too.  The  only  difference  ^ill  he  that,  in 
thi  ; case,  the  disaggregation  function  might  not  he  endogenou  to  the  micromodel. 


For  an  example  of  such  a case,  let  us  go  back  to  i:  ample  2 (pa.  19),  and  let  us 


K K 

denote  ihe  net  exchange  in  the  KffT  model  with  E^,  and  the  net 


exchange  in  its  vNL  aggregated  image  (I,AE)  with  RE.  The n we  nave  the 


following  relation: 


E1  “ E2  B2  * 


This  relation  is  similar  to  the  relation  obtained  at  the  end  of  the  last 
section  with  the  only  difference,  that  in  this  case,  the  dis  iggregation  function 


(B^)  1 • not  endogenous  to  our  micromodel.  In  other  words  the  actual  net 


K la 

exchange  in  the  economy  (Ej)  is  consistent  with  i linear  trading  rule  (I 


if  the  economv  behaves  as  if  it  produced  output  If,  instead  of  the  actual 


output  (B^). 

Another  property  of  this  type  of  aggregation  is  the  f ict  that  the  way 
we  aggregate  the  goods  into  products  is  not  unique.  In  order  to  show  that  let  us 
go  back  to  Example  1 (pp.  18),  and  let  us  assume  that  our  micromodel  is  the  KMT 


• 1 
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mod.  l (B2 »^2 > * Then  we  c m say  cl,at  d»A2)  or  are  the  correspond- 

ing aggi ugated  vNl  models.  Consequently  the  price-  of  the  products  can  he  either 

L L 

P2  or  ?3* 

A last  remark  is  concerned  with  the  robustness  oi  the  results  obtained 
In  ;:hls  section.  Namely  we  want  to  see  if  the  aggregation  function  depends  on 
changes  in  the  demand.  Since  in  this  case  the  demand  is  given  by  a function, 
the  only  changes  that  can  occur  in  the  quantity  demanded  in  equilibrium  are  due 
to  changes  in  the  coefficient  of  the  demand  function.  At  this  moment  we  do  not 
hav  • deiinlte  results  for  this  problem  but  it  seems  that  for  a very  large  set 
of  cases  the  aggregation  procedure  is  not  affected  by  change  in  the  coefficient 
of  the  demand  function. 

IV.  Discussion 

In  this  section  we  will  review  the  results  obtained  in  the  last  two 
sec  tions . 

Though  we  used  a general  equilibrium  model  as  a framework  for  studying 

how  heterogenous  goods  can  be  aggregated  into  a homogeneous  good,  the  results 

obtained  in  Section  2 are  similar  to  the  results  obtained  for  other  linear 

models.  As  a matter  of  fact,  though  we  considered  only  non-negative  values  for 

the  parameters,  the  conditions  lor  consistent  aggregation  are  of  the  same  l\pe 

21/ 

of  Klein's  results. — Because  of  that,  the  aggregation  function  in  our  case 
has  similar  characteristics:  it  is  independent  of  the  values  of  the  parameters 
it  is  unique  and  it  is  endogenous  for  a given  micromodel.  As  a consequence  the 
macromedel  is  unique  and  it  can  be  derived  directly  from  the  micromodel  once 
th<  form  of  the  macromodel  is  given. 


* 


The  difierent  results  obtained  In  Section  III  are  due  to  two  factors: 


on  one  hand  we  allowed  the  prices  and  the  demand  to  be  aggregated  in  different 
ways,  and  on  the  other  hand  we  Introduced  a demand  function  Instead  of  the 
vector  o parametric  demand.  In  that  case  the  aggregation  function  Is  not 
unique  and  it  is  not  endogenous  to  the  micromodel.  As  a consequence,  the 
macromodel  in  itself  is  leas  connected  with  the  micromodel  than  in  the  first 
case.  Though  we  do  not  have  definite  results  about  the  robustness  of  the 
aggregation  function  to  changes  in  the  coefficients  of  the  demand  function,  we 
are  quite  confident  that  the  class  of  changes  that  dies  not  affect  the  aggre- 


gation t unction  is  quite  general. 

V,  Concluding  Remarks 

As  mentioned  in  the  introduction,  one  way  of  explaining  how  heterogenous 
goods  can  be  aggregated  into  a homogenous  one  is  based  on  properties  of 
complementarity,  substitutability  and  similarities  between  firms.  Casual 
empirical  evidence  seems  to  show  that  models  which  assume  a high  degree  of 

homogeneity  for  the  output  of  a firm  or  group  of  firms  performed  quite  well 
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despite  the  heterogeneity  existing  in  the  "real  world".  — - 

In  the  second  section  of  the  paper  we  performed  such  an  aggregation  in  a 
general  equilibrium  framework  with  parametric  demand,  and  we  showed  that  the 
necessary  and  sufficient  conditions  for  consistent  aggregation  are  based  on 
conditions  similar  to  those  mentioned  above.  It  should  be  noted  though,  that 
these  conditions  imply  a potentially  observable  structure  of  the  trading  that 
takes  place  among  the  firms  of  the  microroodel.  So,  if  one  observes  that  the 
trading  between  firms  has  a linear  form,  then  one  can  look  for  an  aggregation 
procedure  as  required  by  our  Definition  1. 


Our  approach  to  the  aggregation  problem,  as  presented  In  Section  III, 
is  be  od  on  two  departures  from  the  standard  appro  ich:  on  one  hand  we  allowed 
the  microvariai>les  of  model  (the  price)  and  microparameters  (the  vector  of 
demand)  to  be  aggregated  in  different  ways,  and  on  the  other  hand  we  introduce* 
a demand  function.  The  fact  that  the  microvariables  and  the  mieroparam* ters  a 
uau  illy  requir'  d to  be  aggregated  in  the  s.ime  way  is  more  a matter  of  cenveniei  e 
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than  one  derived  from  the  micromodel.— 

The  introduction  ot  the  demand  function  is  motivated  ty  our  intei.t  to 
approach  the  aggregation  problem  as  the  problem  of  existence  of  an  equilibrium 
in  a general  equilibrium  model. 

The  results  of  our  approach  show  that  the  aggregation  procedure  :s  de- 
pendent on  changes  of  the  parameters  of  the  demand  function.  This  conclusion 
differs  from  the  results  obtained  through  the  Theil-Peston  approach  [23],  [21]. 

It  seems  that  the  difference  comes  from  the  fact  that  the  problem  we  study  is 
somewhat  different  from  the  one  they  analyzed:  we  assumed  that  the  macrovaria  Les 
do  not  appear  among  the  variables  of  the  micromodel.  It  can  be  argued  that  tb < ; 

Is  the  case  in  many  instances  when  an  aggregation  is  perform'd. 

In  obta  nirtg  our  results,  we  made  strong  as -umptions  ibout  the  equilibrium: 
conditions  in  the  micromodel.  It  is  obvious  that  a more  general  answer  to  thi 
problem  should  come  from  a less  structured  equilibrium  model  for  the  micro- 
economy. In  what  follows  we  will  outline  some  directions  for  further  study. 

One  direction  is  connected  with  the  undeterminancy  of  the  aggregation 
procedure  we  mentioned  above.  This  would  suggest  thatrthere  are  other  factors 

which  we  didn't  take  into  consideration  when  aggregating  the  heterogenous  goods 
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into  a homogeneous  one. — 

Another  direction  should  be  the  study  of  the  robustness  o!  the  aggregation 
procedure  to  changes  in  the  demand,  matter  which  seems  to  b*  a stability  type  f 


question. 
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Another  point  of  interest  is  the  fact  that  w <•  had  to  impose  exogenously 
the  form  of  aggregated  model.  As  Grunleld  and  Grlliches  suggested  it,  the 
amount  of  knowledge  about  the  microeconomy  seemed  u>  be  a viiy  important 

7 c / 

factor  in  deciding  upon  the  form  of  the  macromodel  lor  a given  micromodel 
So  in  this  case  again  it  ;eems  the  problems  connected  with  aggregation  are 
largely  due  to  our  incomplete  knowledge  of  the  microeconomy. 
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Foot no i ca 

1.  In  general  the  objects  of  the  Aggregation  Theory  are:  a microsystem, 

a mac rosy  stem  i which  is  in  general  simplier),  and  a aggregation  function. 
Then  an  aggregation  ia  consistent  (good)  if  there  is  no  loss  of  information 
working  with  the  macrosystem  rather  than  using  the  microsystem.  For  a 
more  formal  approach  see  IJiri  [5,  pp.  766-769]. 

For  the  assvanptions  underlying  the  Leontiel'  model  a good  reference 
is  Malinvaud  [14,  pp.  189-pp.  194].  Other  references  Leontief  [11],  [12]. 

2.  Here  we  adopted  Intri  ligator ' s term  for  this  type  of  production  function 
[6,  pp.  187-189]. 

3.  [8,  pp.  94-95]. 

4.  Klein's  rules  are  an  attempt  to  "transfer"  all  the  characteristics  of  the 
micromodel  to  macromoJel  and  not  only  the  numerical  value  of  the  solutions. 

5.  Good  general  references  for  this  field  are  [l],  [11]  and  [16].  For  a 
presentation  of  the  KMT  model  see  [7]. 

6.  See  [7,  pp.  129-132]  for  a study  of  aggregation  in  a standard  KMT  model. 

7.  The  efficiency  properties  for  some  mode1  Is  of  the  von  Neumann  variety  were 
proved  by  Truchon  [26]. 

8.  [16,  pp.  204] . 

9.  [16,  pp.  203-209]. 

10.  For  a review  of  the  literature  in  this  field  see  [15]  and  [26.  pp.  12-25]. 

11.  [7,  pp.  117-118]. 

12.  An  analysis  of  the  implicit  assumptions  of  the  case  with  parametric  demand 
can  be  found  in  [26,  pp.  12-15]. 

13.  As  it  can  be  seen  out  definition  is  a combination  between  the  standard 
definition  [25,  pp.  ’>17-518],  and  Fisher's  definition  [3,  pp.  8-12]. 
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14.  Tht  concept  of  generalized  inverse  and  some  of  its  properties  are  in 

III],  [20]. 

15.  Th<  proof  of  tliis  theorem,  is  partly  based  on  the  materia L from  one  of 
oui  earlier  papers. 

16.  Thi  sufficient  conditions  for  a KMT  model  (B,A  ) to  have  a unique  growth 

i. 

rate  are  that:  B + A >0.  See  [14,  pp.  3], 

17.  See  [2,  pp.  11-12,  Lenina  2l. 

18  [IS,  pp.  118-121]. 

19.  It  follows  from  the  computational  procedure  us.-d  to  find  (o^.q^.p^), 
i c 1,2.  See  l 16,  pp.  53- 34). 

20.  The  conditions  for  the  existence  of  solutions  i or  a KMT  model  wi  th  non- 
negative matrices  requires  that  eB  > 0 and  AKf  -0,  » • (l,...,l)  c F ^,ra^* 

€ ® These  conditions  are  implicitly  as.- timed  to  be  satis!  led 

in  Theorem  3 and  they  imply  that  the  growth  rate  must  be  different  than  zero. 

21.  [9.  pp.  310-312], 

22.  For  an  evaluation  of  an  application  of  input-output  analysis  to  the  Dutch 
economy  see  [.’2],  [24]. 

23.  A imllar  result  can  be  found  in  l 10]. 

24.  For  the  case  in  which  m - 2,  it  seems  that  one  way  of  solving  this  problem 

is  to  require  that  the  relative  weight  of  the  actual  revenue  of  a fir:  to  be 
equal  to  the  relative  weight  of  the  actual  revenue  of  the  corresponding 
sector  in  the  macromodel,  where  the  actual  revenue  of  fi rm  i is 

is  the  i-th  row  of  matrix  B. 

25.  [4.  pp.  10]. 
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The  paper  presents  the  aggregation  of  heterogenous  production  into  a 
homogenous  one  in  an  economy  described  by  a General  Equilibrium  model  of  the 
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model  will  be  of  the  von  Neumann-Lcontlef  type.^We  will  consider  two  cases , 
one  in  which  the  final  demand  is  given  by  a vector  of  parameters,  and 
another  case  4ti  which  we.  will  have  a final  demand  function.^- 
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